Abstract. We establish a number of characterizations and inequalities for intersection bodies, polar projection bodies and curvature images of projection bodies in R" by using dual mixed volumes. One of the inequalities is between the dual Quermassintegrals of centered bodies and the dual Quermassintegrals of their central (n -l)-slices. It implies Lutwak's affirmative answer to the Busemann-Petty problem when the body with the smaller sections is an intersection body. We introduce and study the intersection body of order i of a star body, which is dual to the projection body of order i of a convex body. We show that every sufficiently smooth centered body is a generalized intersection body. We discuss a type of selfadjoint elliptic differential operator associated with a convex body. These operators give the openness property of the class of curvature functions of convex bodies. They also give an existence theorem related to a well-known uniqueness theorem about deformations of convex hypersurfaces in global differential geometry.
Introduction
Let R" be the «-dimensional Euclidean space. A convex body K c R" is a compact convex subset with nonempty interior. Let 3? denote the set of convex bodies in R", and let 5£e denote the symmetric convex bodies with respect to the origin. As Minkowski noted in the case of R3, the (n -1)-dimensional volume of the image of the orthogonal projection of K g 5? onto a (n -l)-subspace is the support function of another convex body UK, called the projection body of K. Projection bodies have received considerable attention in recent years (see, for example, [4, 11, 16, 24, 36, 38, 39, 45, 47] ). Instead of considering the projection of a convex body, Busemann [6] proved that the (n -l)-dimensional volume of the intersection of K g 3£e with a (n -1)-subspace of Rn is the radial function of another convex body IK, called by Lutwak the intersection body of K. The intersection body, which may be viewed as the dual of the projection body, is an important tool in understanding the sections of convex bodies. Lutwak studied intersection bodies by bis dual mixed volumes. He denned intersection bodies for star bodies and related them to the spherical Radon transform. Many analogous theorems to those on projection bodies and mixed volumes were proved, see [25] [26] [27] [28] . A slight extension of the definition of intersection bodies was given by using measures (see [18] ). It states that a centered body AT is an intersection body if the inverse spherical Radon transform of the radial function of AT is a measure. Another slight extension of the original definition is to introduce the intersection body of order i of a star body by using Lutwak's dual Quermassintegrals (see (2.4) ). This is dual to the projection body of order i of a convex body. We will work with these extended definitions and give characterizations for the intersection bodies by using dual mixed volumes (Theorems 2.12 and 2.15). These characterizations are related to the Busemann-Petty problem: If K, L£JTe, and IKCIL, does it follow that the volumes of K and L satisfy V(K) < V(L) ? The relation says that the existence of nonintersection convex bodies is equivalent to a negative answer to the Busemann-Petty problem (see [13, 47] ). Our characterizations for intersection bodies can be considered as duals of some well-known characterizations for projection bodies (see [16, 38, 39, 45, 46] ). Lutwak [25] showed that the Busemann-Petty problem has an affirmative answer if AT is an intersection body. This result is implied by a geometric inequality about intersection bodies (Corollary 2.18). More general inequalities of intersection bodies are derived in Theorem 2.17. These inequalities are between the dual Quermassintegrals of centered bodies and the dual Quermassintegrals of their central (n -l)-slices. They are related to the maximal slice conjecture (Corollary 2.19).
In the same spirit of studying intersection bodies, a number of characterizations and inequalities for polar projection bodies and the curvature image of projection bodies are established by dual mixed volumes in sections 3 and 4. These involve centroid bodies and the affine surface area.
In section 5 we use LP estimates for the spherical Radon transform to show that every centered body in Rn of class Ck, k = [*£*•] -1, is a generalized intersection body (Theorem 5.4) . This implies that the class of generalized intersection bodies is dense in the class of centered bodies (Corollary 5.5). It is shown that the dual generating distribution has order at most f2^1] -1 (Theorem 5.6).
In section 6 we discuss a type of selfadjoint elliptic differential operator associated with a convex body. These operators are applied to show the openness of the class of curvature functions with Holder continuity (Theorem 6.8) . A consequence of the openness is a strengthening of Weil's theorem in [47] about the denseness of the difference of j th surface area measures in the space Jte of signed even measures (Corollary 6.11). Finally, we prove an existence theorem about deformations of convex hypersurfaces, which is a companion to a well-known uniqueness theorem in global differential geometry (Theorem 6.14).
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Preliminaries
Let Sn~l be the unit sphere in R". For a compact set K in R" which is star shaped with respect to the origin, define the radial Junction px of K by pK(u) = max{A > 0 : ku £ K} for u£Sn~x.
If pk is continuous we shall call K a star body. A star body which is centrally symmetric with respect to the origin will be called a centered body. We shall use S?, and S^ to denote respectively the set of star bodies and the set of centered bodies. Obviously, for K, Le^, KÇL if and only if pK < plHence, a star body is uniquely determined by its radial function. Associated with a convex body K is its support Junction A* defined on R" by hK(x) = max«*, y) : y g K}, where (x, y) is the usual inner product of x and v in R". The support function Ajc is positively homogeneous of degree 1. We will usually be concerned with the restriction of the support function to the unit sphere Sn~x.
If Kx, • ' -,Kr£S? and kx,---,kr>0, then the Minkowski linear combination is kXKx +■■■+ krKr = {kXXx +■■■+ krxr : x¡ G K¡}. 
n-i times i times
The Minkowski inequality states that if K, L g X, then
with equality if and only if K and L are homothetic. Associated with the convex bodies Kx, ■•■ , K"-x £ 5£ is a unique positive finite Borel measure on S"~x, S(Kx ,-•• , K"-x ;•), called the mixed surface area measure of Kx, ■ ■ ■ , K"-x, such that for any K £ X there is the integral representation (see, for example, [52, p. 275; 5, p. 64; 7, p. 166 and 10, p. 69])
The mixed surface area measure has the following properties (see, for instance, [24, (1.5) and (1.6)]) S(Kx + Lx, K2, ■■■ , Af"_i ; •) (1.3) =S(Kx,--,K"-X;-) + S(Lx,K2,---,*"_,;•),
The surface area measure of order j of K is defined by Sj(K; .)=£(*,-,K,B, ■■■ , B ; •),
where B is the unit ball in R". In particular, S"-x(K\ •) is called the surface area measure of K. Then by (1.2) we have
for all K, L£JT and 1 < j < n -1.
A convex body K £ % is said to have a continuous positive curvature Junction of order j, fj(K ; •) : Sn~x -► (0, oo), if for each LeJ,we have 
A body K £JTe is called a zonoid if its support function hK can be expressed as
with an even positive finite Borel measure p& on Sn~x. The measure pk is uniquely determined by K, and called the generating measure of K. In view of (1.6), a projection body is a zonoid. Conversely, every centered zonoid is a projection body (see [39, §10] ). Denote by Z the set of projection bodies (centered zonoids). We follow Lutwak [25, 26] 
Each inequality holds with equality if and only if K and L are dilations of each other.
We will use some spaces of functions. Denote by Ck (Sn~x ) ( A = 0,1,2, • • • ) the space of real functions on S"~x whose Ath derivatives are continuous, and Ck(S"-x) the subspace of even functions in Cfe(5n_1). Let Ck'a(S"-x) (0 < a < 1) be the space of functions in Ck(Sn~x) whose A th derivatives are Holder continuous of order a, and let Ck'a(S"~x) be the subspace of even functions in Ck'a(Sn~x). All of these spaces are Banach spaces with the usual uniform norms (see [15, §4.1; 1, p. 36] ). For f,g£ C(Sn~x) = C°(S"-X), define (/, g) by
Let C2°(Sn~x) be the space of infinitely differentiable even functions on S"~x. Assume that C£°(Sn~x) is endowed with the topology of uniform convergence of all derivatives. Let 2¡e(Sn~x) be the space of even distributions on S"~x ; this is the dual of the space Cf°° (S"~ ' ). Denote by Jfe the space of even signed finite measures on 5"_1, which is the dual space of Ce(S"~x). Finally, let Srek<° = {K £ ST : hK G Ck'a(S"-x)}.
Note that for A > 2 we have Srk'a = {K£Sf-.pK£CÏ'a(Sn-x)}; see [21, Part IV].
Characterizations and inequalities of intersection bodies
Let us start with the basic definition. The intersection body IK of a star body K £ S? is defined as the centered body whose radial function is given by
where ux is the (n -1 )-dimensional subspace of R" orthogonal to u (see Lutwak [25] ). We will consider some generalizations of this definition. Lutwak introduced the dual Quermassintegrals of star bodies which are given by (see [25] )
n JSn-l for 0 < i < n, and W0(K) = V(K), Wn(K) = V(B) = k" . Denote by vol,(.) the /-dimensional volume. The importance of the dual Quermassintegrals lies in the fact that the (n -i) th dual Quermassintegral of a star body K is proportional to the mean of the /-dimensional volumes of the slices of K by the /-dimensional subspaces of R", that is (see [25, (2.12) 
where G(n, /) is the Grassmann manifold of /-dimensional subspaces of R", and Pi the Haar measure on G(n, i), normalized by p¡(G(n, /)) = 1. For K £ S?, the intersection KC\ ux is a star body in (n -l)-dimensional space. Let w,_i_i(X n ux) be the (n -1 -/) th dual Quermassintegral of Kn ux in R"-1, which is called the dual (n -1 -i)-girth of K in the direction u (see [25] ).
The intersection body of order i of a star body K, I¡K, is defined by
Hence, IK = IH-XK. The intersection body of order / is closely related to the spherical Radon transform. For / G C(S"~X), the spherical Radon transform of /, Rf, is denned by
where ds is the volume element of S"~x r\ux. By applying the spherical Radon transform to the / th power of the radial function of a star body, we have
Ki JG(n-X,i)
Hence, (2.3) and (2.4) give (2.6) pllK(u) = (RpK)(u) = *"_,_!(* n u±).
When restricted to Q^S"-1), the spherical Radon transform R : C~(5n-1) -> C£°(Sn~x) is a continuous bijection (see Helgason [22, p. 161] ). It is also selfadjoint, i.e., for f, g £ C(S"~X), (2.7) (f,Rg) = (Rf,g). As observed by Goodey and Weil [17, p. 677] , R is a continuous bijection of 3e(Sn-x) to itself. For K £ 5^, we call the distribution R~xpx the dual generating distribution of K, denoted by pu • A body K g S^ is called an intersection body if the dual generating distribution p¡c is a measure. Let S denote the set of intersection bodies. A body K £ ¿P*e is called a generalized intersection body if the dual generating distribution ¡¡¡c is a signed measure. These definitions of intersection body and generalized intersection body are dual to the concepts of zonoids and generalized zonoids (see [18] ). It is clear that the / th intersection body I¡K of a star body AT is an intersection body. We will show (in §5) that a sufficiently smooth intersection body is the intersection body of a centered body.
In the following, we will use the notation The distribution fiK is a measure if and only if pk(J~) > 0 for all / > 0, / G Cex,(S"-x), see [42] . Let g = R~xf. Then (2.10) gives that a body K £ SPe is an intersection body if and only if
The following lemma is an extension of this. It was proved in [18] in a more abstract setting. For self-containedness, we include a proof here.
Lemma 2.11. Let JV be a dense subset of Ce(Sn~x). Then a body K £^e is an intersection body if and only if (2.12) / pK(u)g(u)du>0 whenever Rg>0,g£jT.
Js"-1
Proof. Let J^ be any dense subset of Ce(Sn~x). We show that the set {g £ jy : Rg > 0} is dense in {g £ Ce(S"-x) : Rg > 0}. It is enough to show {g £ JV : Rg > 0} is dense in {g £ Ce(S"-x) : Rg > 0}. Take g G {g G Ce(S"-x) : Rg > 0}. There are g¡ G JT so that g¡ -» g in Ce(S"-x). We want to show Rgi > 0 for / sufficiently large. Assume this is not true. Then there exists a sequence {Xk} in S"~x which converges to a point x £ Sn~x and a subsequence {gik} such that Rgik(xk) < 0. Since Rg £ Ce(S"~x) and Rgik converges to Rg in Ce(Sn~x),
This is impossible. Therefore, the condition (2.12) is equivalent to / Px(u)g(u)du>0 whenever Rg > 0, g £ Ce(S"-x).
Since Cex(S"~x) is dense in Ce(Sn~x), we conclude the lemma. Conversely, let M £ SF2 be fixed. If the implication (2.14) holds for all L g &, then K is an intersection body. Proof. By Lemma 2.9, the necessity is clear. Let M £ SF2 and q £ C2(Sn~x). Then Pm -tq £ C2(Sn~x) is positive for t sufficiently small. Let Mt be the centered body with radial function p\f-tq. The family of closed hypersurfaces
is a deformation of dM. Note that dM has strictly positive Gauss curvature.
From the classical formula of Gauss curvature using local coordinates and the compactness of S"~x, it is easy to see that the Gauss curvature of dMt is strictly positive for t sufficiently small. Therefore, Mt £ SF2 for / sufficiently small. From the identity
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use and the denseness of C2(S"~X) in Ce(Sn~x), we conclude that the set
Therefore, (2.14) is equivalent to (2.12), and we obtain the theorem by applying Lemma 2.11 to the above JF. D We suspect that c could be 1. For related problems, see [30] . From Theorem 2.13, we have the following = fy-i-m'fy-MiK).
Hence, The sufficiency in Theorem 2.22 was actually proved by Lutwak (see [25] ), which represents the first step towards the full solution of the Busemann-Petty problem. It is proved that no cube in R" ( n > 4 ) is an intersection body [48] . More generally, no polytope in R" ( n > 4 ) is an intersection body [49] . Then the Busemann-Petty problem has a negative answer in R" ( n > 4 ). Gardner [51] has proved that every centered convex body in R3 is an intersection body. This gives a positive answer to the Busemann-Petty problem in R3. We recall the centroid body YK of a star body Ae^ defined by (see [35] )
Anr(*) = -p™ J \{x, y)\dy.
This integral can be written as an integral over Sn~x (see, for example, [35] )
he centroid bodies comprise an important subclass of zonoids. We refer the reader to [26, 29, 30] for details. [ h(u)dp(u) > 0 whenever f \(u, x)\ dp(x) > 0, p£jF. Hence, by (4.3) we get For affine inequalities about the projection body and the affine surface area, see Lutwak [29] .
Generalized intersection bodies
For / G C(S"~X), the cosine transform of /, Cf, is defined on S"~x by (Cf)(u) = \l \(u,v)\f(v)dv for u G S"-x.
J. Js"-i By Fubini's theorem, the cosine transform is selfadjoint, i.e., for /, g £ C(Sn~x ), (/, Cg) = (Cf, g).
When restricted to C^°(Sn~x), the cosine transform, C : Cï°(S"-x) -* C~(S"-X), is a continuous bijection (see Schneider [38] ). Then the cosine transform C is a continuous bijection of 2¡e(S"~x) to itself, when 3¡e(Sn~x) is given the strong topology (see Goodey and Weil [17, p. 677] ). For K £ Xe, the distribution C~xhfc is called the generating distribution of K, and denoted by px. From (1.7), a convex body K £3fe is a zonoid if and only if p¡c is a measure, and is a generalized zonoid if and only if pk is a signed measure. By using spherical harmonics, Schneider [38] proved that if / G Ck(S"~x) (k = n + 2 when n is even and A = n + 3 when n is odd), then there exists g £ Ce(Sn~x) such that Cg = /. This implies that the class of generalized zonoids is dense in the class of centered convex bodies (see [38] ). Schneider's techniques have inspired many works, in particular, on projection bodies and intersection bodies (see [17, 25] ).
By using the techniques for projection bodies in [17] , we apply the LP estimates for the spherical Radon transform to show that every centered body in R" of class C*, k = [*£i] -1, is a generalized intersection body. This implies that the class of generalized intersection bodies is dense in the class of centered bodies. Since Sn~x is compact, every distribution on Sn~x is of finite order. It turns out that the dual generating distribution has order at most [*£*■] -1. For dual mixed volume characterizations of generalized intersection bodies, see [18] . The approach of this section using the LP estimates of the spherical Radon transform and the Sobolev embedding theorem was suggested by E. Grinberg.
Let L2(Sn~x) be the space of even L2-functions on Sn~x. Denote by L2(S"~X), s > 0, the Sobolev spaces on S"~x. The spherical harmonic expansion ¿~0y¡ of f £ L2(Sn~x) satisfies (see [43, (4.5) 
For s < 0, the Sobolev space L2(Sn~x) is defined as the dual space of Ll^S""'). Strichartz [43] proved that the spherical Radon transform Goodey and Weil [17] showed that for a centered convex body K the generating distribution pk has degree at most ^ -For the dual generating distribution (see §2) we have the following result. Theorem 5.6. If K is a centered body in R", then the dual generating distribution pk = R~xPk is a generalized junction of class L\_n(Sn~x), and hence it has order at most f2^] -1. Proof. Since (5.1) is a bijection, for / G Ll_2(S"-x) there is g G L2(S"-X) so that f = Rg. From the Holder inequality and (5.2), we have \(Pk , R~lf)\ < WPKhUh < A||PIC||2||/I|L.. Let A be the Laplacian on S"~x. By using the relation (n -l)R = (A + n -\)C (see Goodey and Weil [17] ) and the Remark 6.7(i) (the operator Lm, x =A + n-\ is independent of M ), we conclude the following results: If / £Ck+n+x(S"-x), then there exists g £ Ck(S"-x) such that Cg = f.
Curvature functions
In this section we discuss a type of selfadjoint elliptic differential operator associated with a convex body. These operators are applied to show the openness of the class of curvature functions with Holder continuity. A consequence of the openness is a strengthening of Weil's theorem in [47] about the denseness of the difference of j th surface area measures in Jte. Finally, we prove an existence theorem about deformations of convex hypersurfaces, which is a companion to a well-known uniqueness theorem in global differential geometry. is bijective.
Proof. The injectivity of the operator Lmj follows from the equality conditions of the Alexandrov-Fenchel inequality (see [52, p. 359; 19] ). To prove the surjectivity, first assume hM £ Q^S"-1). Then LMj is an elliptic and formally selfadjoint operator with C°° coefficients. We have (see, for example, [50, p. 258 and \xtLmj consists of first order spherical harmonic functions.
(ii) In two dimensions Lemma 6.1 is due to D. Hubert and is related to the Minkowski problem (see Nirenberg [31, §15] ). The ellipticity, selfadjointness and injectivity of Lmj are well-known (see [32, 34] ). The author has not found a proof for the surjectivity of Lmj in the literature. The above proof is apparently not straightforward. All these properties of Lmj are used by Pogorelov in his work on the Minkowski problem (see [37, pp. 46-49 and 60- 
61]).
The bijectivity of the operator Lmj can be applied to show the openness of the class of curvature functions fj(M ; •) with Holder continuity, and to prove existence and uniqueness theorems about the deformation of M £ S?2,a which preserves normals. Let (h¡k) oe the Hessian matrix of A G C2'a(S"~x) with respect to a normal frame on Sn~x. Then Fj(h) is defined as the sum of all j-rowed principal minors of the matrix (A,* + hôik) • If A is the support function of a body M £ SF2-a, then F¡(h) is the j th curvature function fj(M; •) of M. We want to show that for a function / in a neighborhood of fj(M; •) in C?(S"~X), one can always solve the equation A} (A) = /, where A is the support function of a body in SF2'a. As is well known (see [41] ), it suffices to show that the linearized operator Lmj of Fj at hM is surjective. From Lemma 6.1, we conclude Theorem 6.8. O If j = n-\ and M G SFe5, Theorem 6.8 has proved by Cheng and Yau [12, §4] , while the case of n -3 is due to Nirenberg [31, §15] . is dense in J?e. We turn to the deformation of hypersurfaces. Let A!" be a hypersurface of class C2 in R", and let i : X -► R" be the isometric embedding. A deformation of A" is a 1-parameter family of hypersurfaces X(t) which is defined by (6.12) i(t) = i + tZ, -£</<£, where Z : X -► R" is of class C2. For M £ SF2, the boundary dM is a hypersurface of class C2 which has positive Gaussian curvature. At each point x £ dM there exists a unique outer normal vector u g S"~x . This gives a diffeomorphism from dM to Sn~x, called the Gauss map of dM. We can parameterize x(u) £ dM via the Gauss map, which is called the normal parameterization of dM. Then the deformation (6.12) of dM can be written as (6.13) x(u,t) = x(u) + tZ(u), -e<t<e. It defines a family of convex bodies M(t) £ SF2. A deformation is called symmetric if Z(u) is even. If x(u, t) is the normal parameterization of dM(t), the deformation (6.13) is said to preserve normals. Denote by Sfj the variation of the j th curvature function of M. If a deformation of dM preserves normals and satisfies Of■■ = 0, then the deformation is trivial, i.e., dM(t) is a translation of dM. This is a well-known uniqueness theorem in global differential geometry. For references and generalizations, see [33, 34] . We prove the related existence theorem. Theorem 6.14. Let f be the j th curvature Junction of a convex body M £ SF2'a. Then for any f£Cf(Sn~x) there exists a unique symmetric deformation of M which preserves normals such that Sf¡ = /. Proof. Let g be the unique solution to the equation Lm j(g) = f ■ Construct a family of convex bodies Mx(t) with support function hM + tg. Obviously, this family of convex bodies gives a symmetric deformation of M which preserves normals. We have «-a fj(M(t);-) = LMj(g) = f.
(=0 Let x(u) G dM be the normal parameterization. Let M(t), x(u,t) = x(u) + tZ(u)£dM(t), -e<t<e, be any symmetric deformation of M which preserves normals and satisfies Sfj = f. Then the support function of M(t) is hM + t(Z, u). Hence,
